Matter without matter: novel Kaluza-Klein spacetime in Einstein-Gauss-Bonnet 

gravity 



o 
o 

(N 

C 

c3 



(N 
> 
00 

oo 



o 
S3 



X 



1 ' 2 ' 3 Hideki Maeda* and 4 Naresh Dadhicht 
1 Graduate School of Science and Engineering, 
Waseda University, Tokyo 169-8555, Japan 

2 Department of Physics, 
Rikkyo University, Tokyo 171-8501, Japan 
3 Department of Physics, 
International Christian University, 3-10-2 Osawa, 
Mitaka-shi, Tokyo 181-8585, Japan 
4 Inter-University Centre for Astronomy & Astrophysics, 
Post Bag 4, Pune 1^11 007, India 

(Dated: February 2, 2008) 

We consider Einstein-Gauss-Bonnet gravity in n(> 6)-dimensional Kaluza-Klein spacetime M 4 x 
/C™ -4 , where JC"~ 4 is the Einstein space with negative curvature. In the case where /C" -4 is the space 
of negative constant curvature, we have recently obtained a new static black-hole solution (Phys. 
Rev. D 74, 021501(R) (2006), hep-th/0605031 ) which is a pure gravitational creation including 



Maxwell field in four-dimensional vacuum spacetime. The solution has been generalized to make it 
radially radiate null radiation representing gravitational creation of charged null dust. The same 
class of solutions though exists in spacetime M d x IC n ~ d for d = 3, 4, however the gravitational 
creation of the Maxwell field is achieved only for d = 4. Also, Gauss-Bonnet effect could be brought 
down to M d only for d = 4. Further some new exact solutions are obtained including its analogue 
in Taub-NUT spacetime on M 4 for d = 4. 

PACS numbers: 04.20.Jb, 04.50.+h, 11.25.Mj, 04.70.Bw 



I. INTRODUCTION 

Kaluza-Klein theory was a novel way of unifying 
Maxwell field and gravity [J . It was shown that five- 
dimensional vacuum spacetime when appropriately pro- 
jected onto four dimensions could incorporate Maxwell 
field. It was indeed the pioneering attempt of consider- 
ation of dimension higher than usual four. It was soon 
realized that the theory was not renormalizable, yet how- 
ever it had remained smoldering all through in the back- 
ground. With the advent of string theory, higher dimen- 
sions have now become the order of the day. In this 
paper, we wish to follow Kaluza-Klein spirit in studying 
Einstein-Gauss-Bonnet gravity. 

In the previous paper we considered an n(> 6)- 
dimensional spacetime with Kaluza-Klein split with the 
topology of M 4 x /C"~ 4 , where K™ -4 is the {n - 4)- 
dimcnsional space of constant curvature with the con- 
stant warp factor rQ. It turns out that the vac- 
uum Einstein-Gauss-Bonnct equation with a cosmolog- 
ical constant A gets correspondingly split up into two 
parts [![. The four-dimensional part is like the vacuum 
Einstein equation with a cosmological constant redefined 
while the extra dimensional part gives a scalar constraint 
equation. The constraint does not permit presence of a 
mass point and hence the vacuum solution reduces to a 
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dS/AdS spacetime in four dimensions. However there ex- 
ists an exceptional case in which four-dimensional equa- 
tion could be made completely vacuous by prescribing r 
and A in terms of Gauss-Bonnet parameter a and the 
constant curvature of extra dimensions. Then 4-metric 
is entirely determined by the scalar constraint given by 
the extra dimensional equation and it admits the general 
solution in the Schwarzschild gauge [|[ . 

The solution represents a black hole with two hori- 
zons and M 4 asymptotically approximates to Reissner- 
Nortstrom-anti-de Sitter (RN-AdS) spacetime for posi- 
tive a in spite of absence of Maxwell field. Note that 
the scalar constraint had prohibited presence of any mat- 
ter, yet however there had come about a black hole 
with parameters which asymptotically resemble mass and 
Maxwell charge. This is what we call the pure gravita- 
tional creation, "matter without matter" , produced by 
curvature of extra dimensional space through its linkage 
with a and A. It is purely a classical demonstration of 
reciprocity between matter and gravity (curvature) which 
is the first such example after the classic case of Kaluza- 
Klein. However in string theory, there occurs a similar 
situation in AdS/CFT correspondence [J in which at the 
boundary of AdS spacetime (gravity) resides conformal 
field theory of matter. It would be of interest to examine 
this setting for the general case, M. d x JC rL ~ d as well as 
for generalization to creation of other matter from cur- 
vature. This is what we precisely intend to do in the 
following. 

The strong motivation for higher dimensions greater 
than usual four however comes from supcrstring/M- 
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theory However, one of us has recently argued that 

higher dimension is required even for complete descrip- 
tion of classical dynamics of gravity Q. The action for 
gravity in higher dimensions is given by Lovelock poly- 
nomial Q which is the most general action constructed 
from Riemann curvature giving rise to quasi-linear (high- 
est order of differentiation occurring linearly) equation 
of motion. For n < 4, it reduces to Einstcin-Hilbcrt 
action with A. The next quadratic term in the action 
is called Gauss-Bonnet term which should be included 
for description of gravity for spacetime with dimension 
greater than four. It also arises in the low-energy limit of 
heterotic superstring theory as the higher curvature cor- 
rection to general relativity @ . Although Gauss-Bonnet 
term does not contribute to the field equation in four- 
dimensional spacetime, Kaluza-Klcin decomposition of 
the higher-dimensional spacetime brings its contribution 
down to A4 4 . 

The Gauss-Bonnet term has nontrivial consequences 
in four-dimensional AdS gravity at the level of the con- 
served currents for the theory, in which the Gauss-Bonnet 
term regularizes the conserved quantities defined through 
the Noether theorem, canceling the usual divergences at 
radial infinity [l(| ■ The Gauss-Bonnet coupling constant 
a is then fixed by demanding that the spacetime has con- 
stant curvature at the boundary. Also, it was shown that 
the Gauss-Bonnet term regularizes the Euclidean action 
for four-dimensional AdS gravity and gives the correct 
entropy for a number of solutions [Til ] . 

In this paper, we show that gravitational creation not 
only of Maxwell field but also of null dust. The paper 
is organized as follows. In Section II, we set up the gen- 
eral framework for Einstein-Gauss-Bonnct equation for 
the product spacetime and show that the same class of 
solutions (as for d = 4) exists in spacetime M d x tC n ~ d 
only for d < 4. In Section III, we show that d = 4 
case is special in the sense that gravitational creation of 
Maxwell field is achieved as well as Gauss-Bonnet effects 
appear explicitly on M. d . We also generalize our solu- 
tion to its analogues in Vaidya-like and Taub-NUT-likc 
spacetimes on A4 4 . In Section IV, we consider the general 
Lovelock case and argue that the solutions are generic to 
Lovelock gravity. Section V is devoted to discussion and 
conclusions. A class of the Bohm metric with Einstein- 
space condition and its generalization with negative cur- 
vature are presented in Appendix A. The calculational 
setup for tensor decomposition is given in Appendix B. 
Throughout this paper we use units such that c = 1. 
As for notation we follow [l2||. The Greek indices run 
jU = 0, 1, • • • I. 



II. KALUZA-KLEIN DECOMPOSITION OF 
BASIC EQUATIONS 



We write action for n-dimensional spacetime, 
1 
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S = 



— (R-2A + aL GB ) 



r, (2.1) 



where R and A arc n-dimensional Ricci scalar and 
the cosmological constant, respectively. Further n n = 
\/8irG n , where G n is n-dimensional gravitational con- 
stant and a is the Gauss-Bonnet coupling constant. 
The Gauss-Bonnet term Lqb is combination of squares 
of Ricci scalar, Ricci tensor R UUl and Riemann tensor 
vpa as 



Lgb — R 2 — ^RfivR^ 



1 ^avpa 1 L 



(2.2) 



This type of action is derived in the low-energy limit 
of heterotic superstring theory Q. In that case, a is 
identified with the inverse string tension and is positive 
definite. We shall therefore take a > 0. 

The gravitational equation following from the action 
(12. ip is given by 



v — I 



where 
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(2.4) 
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RRpiu — 2R ua R a u — 2R a/3 'R^avp 



R a ^R 
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9h V Lgb- (2.5) 



T^ v is the energy-momentum tensor of the matter field 
derived from Setter m t ne action (|2.ip . It is noted that 
Gauss-Bonnet term makes no contribution in the field 
equations, i.e. = 0, for n < 4. 

We consider n-dimcnsional Kaluza-Klcin vacuum 
spacetime (T^ = 0) which is locally homeomorphic to 

A4 d x JC n ~ d with the metric = diag((?AS, ^o7afc)' 
A, B = 0, • • • , d — 1; a, b = d, ■ ■ ■ , n — 1. Here §ab is 
an arbitrary Lorentz metric on .M'', r$ is a constant and 
"fab is the unit metric on the (n — d)-dimcnsional Einstein 
space K n - d . 

The {n — c?)-dimensional Einstein space satisfies 

(n — d) (n — d) 

R abde~ C a bde + k(l adlbe ~ 1 'aelbd) , (2.6) 

(n-d) 

where C a bde is the Weyl tensor and k = ±1,0. The 
superscript (n — d) means the geometrical quantity on 
JC n ~ d . If the Weyl tensor is identically zero, JC a ~ d is 
a space of constant curvature. The Riemann tensor is 
contracted to give 

(n-d) 

R ab = k(n - d - l) 7a6 , (2.7) 

(n-d) 

R = k(n-d)(n-d- 1). (2.8) 

Now we assume the Einstein- space condition originally 
introduced by Dotti and Gleiser for d = 2 [l3|> [l4| : 



(n — d) (n — d) 

c abde c fbde = es a 



(2.9) 
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9 must be constant by the consistency with the identity 
H av v = 0. The Weyl tensor vanishes identically in three 
or less dimensions, so that 9 = holds for n < d + 3. 
In [l3T |. Dotti and Gleiser gave a unique example with 
k = 1 satisfying this condition in the class of the Bohm 
metric (lEl . OB] ■ Its metric and 9 are given by 



-f ab dx a dx b 
a{p) 

Kp) 
e 



dp 2 + aipfdQl^ + b(p) 2 dn 2 m (2.10) 
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2m- 
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'2m - 
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Sill 



2m- 1 
m — 1 



P - 



m — 1 
2m(2m - 1) 
m — 1 



(2.11) 

(2.12) 
(2.13) 



where dO? is the line element of a unit p-sphere and m > 
3 holds []J|. This metric has the positive curvature. Here 



we have 2m = n— d, so that m > 3 implies n > d+6. This 
metric can be generalized to that with negative curvature 
(fc = -l): 



~/ ab dx a dx b 
a(p) 

Kp) 
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dp 2 + aipYdE 2 ^ + b(p) 2 dZ 2 m l2.U) 



' m — 
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2m- 


1 


/2m - 


1 



2m- 1 

T' 

m — 1 



m — 1 
2?7i(2m - 1) 



1 



(2.15) 

(2.16) 
(2.17) 



where d'E. 2 is the line element of a unit p-hyperboloid and 
m > 3 holds. The derivation of these metrics is presented 
in appendix A. 

Then v for the metric g^ = dia,g{g AB ,r 2 j ab ) gets 
decomposed as follows: 



2ka(n — d)(n — d — 1) 



(d) 



G A R +aH A R 



A 



k(n — d)(n — d — 1) k 2 a(n — d){n — d — l)(n — d — 2)(n — d — 3) (n — rf)a 



2^ 

l( d ) (n-d-l)(n-d-2)fc 
"2 i?+A 271 



'fe(n-d-l)(n-«i-2)(^ lW 
-a< ^ R + — L gb 



(n-d - l)(n - d - 2)(n - d - 3)(n - d - 4)fc 2 
273 



2r 4 



2r 4 



2r 4 



e 



<S A B) (2.18) 



n — d — 4 
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(2.19) 



where the superscript (d) means the geometrical quantity 
on M. . (See Appendix B for derivation.) The vacuum 
equation Q A B = is a tensorial equation on Ai d , while 



Q a b = is a scalar equation on Al 1 
constraint. 

(2) (2) 
For d = 2, we have G ^ = = 



and works as a 



(2) 

£ GB 



0. Then, 



vacuum equations Q B = and (? a b = give 



B = 

(2) 

i? = 



(n-2)(n-3) 



k± Vk 2 + B^j, (2.20) 
, (2-21) 



(n-2)(n-3) 
4A 

8aA[P(n - 3)(n - 4)(n - 5) + 9] 



2rg 



r2 + 2afc(n-3)(?i-4) 



4A 

77-2 



fc(n - 3) 



(2.22) 



for n > 4. The parameters A, a, fc, n, and 9 arc taken for 



to be real and positive. Eq. (|2.22[) implies that M. is = diag(gAB , r oJab) with k = and arbitrary 



a two-dimensional constant curvature spacetime, which 

(2) 

could be flat or (A)dS spacetime corresponding to R = 

(2) 

or R(<) > 0. In general relativity (a = 0), kA > 
must be satisfied for r 2 . to be real and positive. The 
n-dimensional Nariai solution corresponds to the case 
with k = +1 and A > with topology dS 2 x S n ~ 2 , 
while the 77-dimcnsional anti-Nariai solution corresponds 
to k = -1 and A < with topology AdS 2 x Tl n ~ 2 . In 
Einstcin-Gauss-Bonnet gravity, on the other hand, there 
is a variety of possible topology depending on the pa- 
rameters. The Nariai solution in Einstein-Gauss-Bonnct 
gravity with 9 = was investigated in [l7j]. Hereafter, 
we only consider the case with d > 3. 

From the decomposition (|2. 18(1 and (|2.19p . the follow- 
ing well-known results in general relativity (a = 0) read- 
ily follow. 

Theorem 1 Let us consider n(> d+1)- dimensional vac- 
uum Einstein equation without A. Then, the metric 

1 ... o 

IS 
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the solution if qab is the solution of the d- dimensional 
vacuum Einstein equation without A. 

Theorem 2 Let us consider n(> d + 2) -dimensional 
vacuum Einstein equation with a non-zero cosmological 
constant A. Then, the metric g^ y — diag(gABi r oJab) 
with k ^ and r\ = k(n - d - l)(n - 2)/(2A) is 
the solution if gAB is the solution of the d-dimensional 
vacuum Einstein equation with a cosmological constant 
A= (d-2)A/(n-2). 

In the presence of a cosmological constant, r 2 , > 
requires kA > 0. These theorems imply that 
extra-dimensions can be easily attached to the lower- 
dimensional solutions in order to construct higher- 
dimensional Kaluza-Klein spacctimcs in general relativ- 
ity. For example, M d can be the <i-dimensional Kerr and 
Kerr-(A)dS spacetimes for A = and A ^ 0, respectively. 

Next we consider the case in Einstein-Gauss-Bonnet 
gravity (a ^ 0). In this case, the constraint Q a b = is 
more restrictive than in general relativity. Q B = has 
the similar structure as the vacuum Einstein equation 

(d) A 

with a cosmological constant except for the term H B , 
which vanishes identically for d < 4. Hereafter we con- 
sider the case with d = 3,4. If t-q ^ —2ka(n—d)(n—d—l), 
then Eqs. (|2.18p and (|2.19[) demand the Kretschmann 
invariant constructed from gAB to be constant. Thus, 
there can be no mass point and consequently there is 
no scalar polynomial singularity on M. d . This is an im- 
portant implication of the scalar constraint given by the 
extra dimensional space. 

On the other hand, the case with 7q = — 2ka(n — d)(n — 
d — 1) is exceptional which gives the new black hole solu- 
tion. We can generalize the no-go theorem for d = 4 and 
O = established in Q into the case with d = 3, 4 and 
non-zero 9: 

Theorem 3 For d = 3 or 4, if (i) r 2 , — — 2ka(n — d)(n — 
d-1) and (ii) aA = -[n 2 -(2d-3)n+(d 2 -3d-6)]/[8(n- 
d)(n - d - 1)] + 9/_[8(n - d)(n - d - I) 2 ], then Q A B = 
for n > d + 2 and k being non-zero. 

I 



^^ k+ 2(^ 



where M and q are arbitrary dimcnsionlcss constants. 
Throughout this paper, we always normalize integration 
constants by a. This is a generalization of the solution 
obtained in Q with 9 = 0. 

The solution does not have the general relativistic 
limit a — > 0. There arc two branches of the solu- 



The proof simply follows from substitution of the condi- 
tions (i) and (ii) in Eq. (|2.18p . With conditions (i) and 
(ii), which imply k = — 1 and A < for a > (for a < 0, 
the opposite will be true with k = 1 and A > 0), the gov- 
erning equation for vacuum is a single scalar equation on 
M d , Q a b = 0, which is given by 

1 (j9 qM 2n-3-2d 
n — d 2 GB a(n — d) 2 (n — d — 1) 



2a(n-d) 2 (n-d - l) 2 ' y ' ' 

Thus, solutions with local topology M d x JC n ~ d corre- 
sponding to k = — 1 are obtained by solving the equation 

QZM for 9AB- 

III. EXACT SOLUTIONS 

A. Schwarzschild-like solution 

With conditions (i) and (ii) in Theorem [3J the metric 
on M d is determined only by Eq. (|2.23j) for d = 3,4. 
The warp factor r 2 , is proportional to the Gauss-Bonnet 
coupling constant a which is supposed to be of the order 
of the square of the Planck length. Thus, compactify- 
ing KJ l ~ d by appropriate identifications, we obtain the 
Kaluza-Klein spacctime with small and compact extra 
dimensions. 

We seek a static solution for d = 4 with the metric on 
Ai 4 reading as: 

g AB dx A dx B = -f{r)dt 2 + -j^-rdr 2 + r 2 d£ 2 (fc) , (3.1) 



where dE 2 ^ is the line element on the unit Einstein 

space K? and k = ±1,0. Then, Eq. (|2~23|) yields the 
general solution for the function f(r): 



(3.2) 



I 

tion corresponding to the sign in front of the square 
root in Eq. (|3.2jl . which we call the minus- and plus- 
branches. The metric on M 4 is asymptotically Reissner- 
Nordstr6m-(A)dS spacetime for k = 1 in spite of absence 
of Maxwell field since the function f(r) is expanded for 
r — > oo as 



IT 1 



2(n-5)(2n- 11) -6 4(n - 4) 2 a 3 / 2 Af 4(n - A) 2 a 2 q 
6(n — 5) 2 r 3 r 4 



i/2-i 



5 



f(r) 



2(n-4)a 



it 



/2(n-4)(n-5) + 9 
6(n- 5) 2 



/ 6(n-4) 2 (n-5) 2 fa^ 2 M 
2(n-4)(n-5) + 6 



ag 



(3.3) 



For 9 = 0, A4 4 is asymptotically AdS. On the other 
hand, we can obtain asymptotically flat or de Sitter 
spacetime in the minus-branch for n > 8 if 



6 > 2(2n- ll)(n-5) 



(3.4) 



holds with equality corresponding to the asymptotically 
flat case. How is this desirable result obtained? The Weyl 
term O appears only in R^ 1 Rvafij and its contraction 
terms in Eq. (|2.5p . As a result, O acts as a cosmological 



constant but its value is different on M. and JC n , as can 
be seen in Eqs. (|2~18|) and ([249]) . Consequently, we can 
choose the value of O such that the effective cosmological 
constant in Eq. (|2 . 23[) becomes zero or positive. For the 
generalized Bohm metric (|2.14[) . the inequality (|3.4|) is 
satisfied only for 5 < n < 7 while non-zero requires 
n > 8, and hence there cannot exist a compatible n giving 
rise to asymptotically flat or dS on A4 4 in this case. 

Eq. (|3.3p suggests that M corresponds to the mass of 
the central object. On the other hand, q corresponds to 
the square of the charge, however it can be both positive 
and negative. We call q the "gravitational charge" , which 
is similar to Weyl charge of black hole on brane [18[ and 
it is generated by our choice of the topology of spacetime, 
splitting it into a product of the usual four-dimensional 
spacetime and an Einstein space. One of the desirable 
features of Einstein-Gauss-Bonnet gravity for n = 5, as 
demonstrated by Boulware-Deser- Wheeler solution [19| . 
is regularity of metric and weakening of singularity. It 
is interesting that this solution brings this feature down 
to M. . In particular note that /(0) = 1 =F y/—q for k = 
1, which produces a solid angle deficit and it represents 
a spacetime of global monopole [20j , This means that 
at r = curvatures will diverge only as 1/r 2 and so 
would be density which on integration over volume will 
go as r and would therefore vanish. This indicates that 
singularity is weak as curvatures do not diverge strongly 
enough. Clearly the global structure of this solution is 
very rich and complex and will be discussed in detail 
elsewhere |2jj . 

Now we explain the origin of the gravitational charge 
q. For the metric in the form of Eq. (|3.1[) . one just re- 
quires one second-order differential equation (|2.23[) to de- 
termine the metric fully and it will in general have two 
constants of integration. On the other hand, the trace of 
the Einstcin-Gauss-Bonnct equation (|2.3[) is given by 



n — 2 „ (n — 4)a , „ 

-R - - — ^—Lqb + nA = kIT. 



(3.5) 



2 2 

The basic equation (|2.23p for qab resembles this equation 



with T = and A = A e g defined by 



A 



off 



C*[0 - 2(n - d - l)(2n - 3 - 2d)] 
2a(n- d) 2 (n - d- l) 2 : 



(3.6) 



where C is some positive constant. Thus, Eq. (|2.23[) will 
generate a Maxwell-like charge because vanishing trace is 
characteristic of electromagnetic field in four dimensions, 
i.e., d = 4. This happens only in d = 4 because electro- 
magnetic stress tensor is not trace-free in other dimen- 
sions. That is why it is not surprising that there occurs 
Maxwell-like additional gravitational charge in solution 
(|3~!?|) . Note that Maxwell-like Weyl charge for black hole 
on the brane is also caused by vanishing trace [IH . 

Furthermore, d = 4 is also crucial for bringing Gauss- 
Bonnet effects down to four dimensions. The second term 
in the right-hand-side of Eq. (|2.23[) is Gauss-Bonnet term. 
Eq. |23)) gives 



GB- 



(3.7) 



Since H^ v = for n < 4 and hence Lqb vanishes iden- 
tically for n < 3 while it will be non-zero in general for 
n = 4. Consequently, the effect of Gauss-Bonnet term 
appears explicitly on only for d = 4. 

Now we give a new exact solution for d = 3 as a 
concrete example exhibiting these properties mentioned 
above. In this case, the effect of Gauss-Bonnet term does 
not appear on M d and Eq. (|2.23[) reduces to 



(3) 

0= R - 



2(n-4)(2n-9) 



2a(n - 3)(n ~ 4) 2 



(3.8) 



which is similar to the vacuum Einstein equation with A 
redefined. This gives a solution on Ai 3 such that 



gAsdx A dx B 



h(r) 



-h{r)dt 2 



dr 2 
W) 



r 2 d0 2 . 



(3.9) 



-M 



2(n-4)(2n-9)-0 2 
12a(n-3)(n-4) 2 



r 2 , (3.10) 



where M and q are dimcnsionlcss constants. In this case, 
the gravitational charge q is not Maxwell-like, because 
Maxwell stress tensor is not trace-free in three dimen- 
sions and so the solution (|3.10[) is not like charged BTZ 
solution [22| . 

Even for d = 4, there is no effect of Gauss-Bonnet term 
on A4 4 when it is a product manifold such as A4 3 x 1Z 
because the governing equation (|2.23p then reduces to 



6 



the equation on jV( 3 similar to Eq. (|3.8p . One example 
of such solutions is the black string solution, of which 
metric on Ai 4 is obtained by 

dr 2 

g A B<lx A dx B = -g(r)dt 2 + —— + r 2 d6 2 + dzty.U) 



9(r) 



-M 



a l ' 2 q 



2{n- 5)(2re- 11) -8 , , 
12a(n-4)(n-5) 2 A ' 



where M and q are dimensionless constants. Even when 
there is null Gauss-Bonnet contribution, additional grav- 
itational charge q is however always there so long as there 



is split up of spacetime into a product two spacctimcs. 



B. Vaidya-like solution 

It is well known that Schwarzschild spacetime could be 
made to radiate null (Vaidya) radiation by transforming 
the metric into retarded/advanced time coordinate and 
then making mass parameter function of the time coor- 
dinate. It is interesting to note that the same procedure 
also works here. This solution (|3.2|) can thus be gener- 
alized to include Vaidya radiation and it would be given 
by 



J 



gAB<lx A dx B 
f(v,r) 



-f(v, r)dv 2 + 2dvdr + r 2 dY? 



= k 



2{n-A)a 



IT 1- 



2(fc)> 

2 (re - 5)(2n- 11) - 8 
6(re- 5) 2 



4(n - 4) 2 a 3 / 2 M(v) 4(n - A) 2 a 2 q{v) 



,.:! 



1/2' 



(3.13) 



(3-14) 



where M(v) and q(v) arc arbitrary functions. As ex- 
pected, this solution is quite similar to the null dust so- 
lution with the topology of M 2 x /C™~ 2 [23[. It is noted 
that the solutions (|3.9|) and (|3.11|) can also be general- 
ized into the Vaidya-like solution. All this works because 
trace of null dust stress tensor vanishes and these so- 
lutions follow from solving the vanishing trace equation 
(l2~23l) . 

This solution manifests gravitational creation of an in- 
going charged null dust as another complete example of 
"matter without matter" . Using this solution and the so- 



lution (|3.2[) . we can construct completely vacuum space- 
time representing the formation of a black hole from an 
AdS spacetime by gravitational collapse of a gravitation- 
ally created charged null dust (See Fig. [J). 



C. Taub-NUT-like solution 

There is yet another generalization of our solution (13.21) 
into a Taub-NUT-like static spacetime onM 4 : 



gABdx A dx B 
F(r) 
A(r) 



-F(r)(dt + 21 cos 0d<f>) 2 + -^-rdr 2 + (r 2 + l 2 )(d6 2 + sin 2 Ode/) 2 ), 

F(r) 



[r 2 + l 2 )[r 2 +l 2 + 2(n - 4)q] T 2 V^~4) 2 q 3 / 2 (r 2 + l 2 )(r 2 - 3l 2 )(Mr - o^^q) +~~A(r) 

2(n-4)a(r 2 - 3Z 2 ) ' 



(n-4)(r 2 +l z ) 



At a\ 2,2 ,2/r 2 ,2n 2(re-4)(re-5) + 8 6 
4 re - 4 a¥ + al 2 5r 2 + I 2 ) + \ A ; r 6 

24(n — 4)(n — by 



2{n - 4)(re - 5) + 8 2 4 3(re - 5)(5n - 27) - 38 4 



(n-4)(n-5) 2 



-l 2 ^ + 



4(n-4)(?i-5) s 



iV + 



4(n - 4) 



(3.15) 



(3.16) 



(3.17) 



where I is the NUT parameter having the dimension of resemblance with the corresponding Einstein-Maxell- 
length and M and q are arbitrary dimensionless con- Gauss-Bonnet solution in n > 5 [H, Hi and so does 
stants. As pointed out in 0], the solution Q3.2p bears the above solution with the corresponding n(> 6)- 
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v=0 

FIG. 1: A schematic diagram of the black-hole formation 
from the AdS spacetime without any matter field. Here the 
AdS spacetime for v < is joined to the static black-hole 
spacetime (|3.2|l for v > Vf by way of the Vaidya-like spacetime 
(|3.13[) . We set = 0, M(v) = mov and q(v) = —1, where mo 
is a positive constant. A singularity is formed at v = r — 
and develops. 

I 



W = 1+ 2(^4)^ 



so that M and q correspond to mass and gravitational 
charge, respectively. 



IV. GENERAL CASE OF LOVELOCK GRAVITY 

We consider Einstein-Gauss-Bonnet gravity in this pa- 
per. This theory of gravity is achieved in the low-energy 
limit of the heterotic superstring theory The fun- 
damental principle of relativistic theory of gravitation 
is that its action should be an invariant functional of 
Riemann curvature. At the same time it should give 
rise to quasi-linear second order equation of motion. 
This uniquely identifies Lovelock polynomial of which 
quadratic term is Gauss-Bonnet term For n < 4, 
the linear Einstein Hilbert term suffices as higher or- 
der terms make no contribution to equation of motion 
while for n > 5, higher order terms do contribute and 
hence they should be included in full description of grav- 
itational dynamics. The order of term to be included 
in gravitational action thus depends upon dimension of 
spacetime being considered. Then, a natural question 



dimensional Taub-NUT-like solution in Einstcin-Gauss- 
Bonnet gravity with Maxwell field [25[. In the limit of 
I — > 0, we recover the solution (|3.2| with k = 1: 



(3.18) 

I 

arises, whether similar Kaluza-Klein solutions exist in 
Lovelock gravity? 

The action for general Lovelock gravity is given by 

S = — —r / d n X^g OliLu) + Scatter, (4.1) 

where Cn-\ is the i-th order Lovelock Lagrangian den- 
sity which is a polynomial in Riemann curvature and 
its contractions, and we identify C(q) = '- —2, Cm = R, 
£( 2 ) = Lqb and so on ||. on are coupling constants 
such as «o = A, «i = 1, and 012 = ct- The gravitational 
equation following from this action is given by 

where tensors G^l are given from Cu) such as G ®} = 
9ftu, GfJ = G^, and G$l = H^. The two important 
idetities for the Lovelock tensors G^l are 

Gf v = for n < 2i (4.3) 



IT 1- 



2(n- 5)(2n- 11) - 6 4(n - 4) 2 a 3 / 2 Af 4(n - 4) 2 a 2 q 
6(n — 5) 2 r 3 r 4 



1/2-, 
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and 

£ w = for n< 2i- 1. (4.4) 

The ide ntity (|4.4p is proven by the identity (|4.3|) and the 
formula [26[ 

= -^C W . (4.5) 

When we consider the n-dimensional Kaluza-Klein vac- 
uum spacetime M. d x K, nd with the metric g^ u = 
diag(flfAB, ro7afe)) should get decomposed as follows: 

(d) n 

^ = ^/ I (n,d I r^,a 3 ,e)GW, (4.6) 

i=0 

Gab = 5 ab 2_^g i (n,d,r ,k,a J ,Q)C(i ) , (4.7) 

i=0 

where fu\ and <7(j) are functions of their arguments. Let 
us consider the most important case d = 4. In this case, 
the vacuum equation Gab = is similar in structure 
with Eq. ([2TT8"]) with d = 4 because of the identity l[3~3"]) . 
Thus it would be possible to set /( ) = /m = in order 
to make Gab = vacuous keeping gAB completely free 
and arbitrary by choosing constants r§ and aj. Then, 
the governing equation is only (|4.7| . which is similar in 
structure to Eq. (|2.23p with d = 4 because of the iden- 
tity (|4.4p . i.e., the difference is only in the coefficients in 
the equation. From the discussions above, it is clear that 
structure of the solutions obtained and discussed here is 
quite generic and similar solutions should therefore exist 
in general Lovelock gravity. 

V. DISCUSSIONS AND CONCLUSION 

In this paper, we obtained new exact solutions in 
Einstein-Gauss-Bonnet gravity which offer direct and 
purely classical examples of curvature manifesting as 
matter, i.e., "matter without matter". The origins of 
the Maxwell field and a null dust fluid have been pro- 
posed. Considering the Kaluza-Klein split up of the n- 
dimensional spacetime as M. d x K n ~ d , we showed that 
there exist similar solutions with the recently discov- 
ered new black hole solution by the authors 0] only for 
d = 3,4. Further, it was shown that the d = 4 case is 
special in the sense that the gravitational creation the 
Maxwell field as well as Gauss-Bonnet term effect occur 
explicitly on M d only in this case. 

Kaluza-Klein split of spacetime does two things. One, 
it decomposes the equation, Eq (|2.3p into Eq (|2.18[) and 
Eq (|2.19[) in which the former is the usual Einstein equa- 
tion with A redefined while the latter acts as a constraint 
on it. Then it is possible to make Eq (|2.18p vacuous by 
proper prescription for the parameters, ro and A in terms 
of a and so that the metric is fully determined by the 
constraint, Eq (|2.I9p . It was shown that no interior so- 
lutions including a matter field with constant ro can be 



attached to the solution (|3.2p ||. Therefore, the warp 
factor ro in the static interior solution must depend on r. 
We have also argued in section [IV] that the structure of 
our solutions is quite generic in general Lovelock gravity. 
Thus similar solutions would also exist when other higher 
order terms are included in Lovelock Lagrangian. 

Second, it also facilitates bringing down Gauss-Bonnet 
effects to four dimensions. In general, Gauss-Bonnet 
term does not contribute anything in four-dimensional 
spacetime (n = 4), while it does contribute non-trivially 
in its analogue in Eq (|2.23p for d = 4. This is the deter- 
mining equation for new black holes (|3.2p . It is Gauss- 
Bonnet contribution which makes the black hole metric 
finite and regular everywhere and it weakens the singu- 
larity. The additional gravitational charge is however 
caused by Kaluza-Klein split. 

We have successfully generalized the solution (|3.2p into 
Vaidya-like metric on A4 A . That solution manifests grav- 
itational creation of an ingoing charged null dust and is 
another complete example of "matter without matter" . 
Using this solution and the solution (|3.2p . we can con- 
struct the vacuum spacetime representing the formation 
of a black hole from the AdS spacetime on A4 by the 
gravitational collapse of a gravitationally created charged 
null dust. 

Also, we have generalized the solution (|3.2p into Taub- 
NUT-like metric on M 4 . It may be asked how does the 
constraint equation permit presence of NUT parameter 
I which is interpreted as gravitational magnetic charge 
(see for example [27| )• This happens because it is also 
the part of spacetime symmetry and there is no stress 
tensor Tab which generates NUT parameter. Similar 
will be the case for Kerr rotational parameter if we find 
a corresponding solution for Kerr geometry. This is an in- 
teresting open problem which is under investigation. We 
do however believe that there should exist a rotating ana- 
logue of our solution (|3.2p . The effects of Gauss-Bonnet 
term on four-dimensional black hole arc particularly in- 
teresting in relation to singularity, horizon and causal 
structure. 

The global structure of the solution (|3.2p depending 
on t he p arameters will be shown in the forthcoming pa- 
per [21(. In the case that /C™~ 4 is a space of negative 
constant curvature, the metric on M. A of our solution is 
asymptotically AdS for a > 0. If /C™~ 4 is an Einstein 
space of negative curvature satisfying the Einstein-space 
condition (|2.9p . it is possible to have asymptotically flat 
or de Sitter spacetime. However we have not been able 
to find an explicit example of it. Such a solution will 
represent an isolated black hole or a black hole in the 
dc Sitter universe. The generalized Bohm metric (|2.14p 
satisfies the Einstein-space condition but does not meet 
compatibly the requirement for M 4 to be asymptotically 
fiat or de Sitter. 

In the original Kaluza-Klein theory, the origin of the 
Maxwell field is the extra-dimensional component of the 
fivc-dimcnsional metric with which the five-dimensional 
vacuum Einstein equation is decomposed into the four- 
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dimensional Einstein-Maxwell equation [l], Here on 
the other hand, we have given completely different and 
novel generation of Maxwell field as well as of null dust 
fluid in the framework of Einstein-Gauss-Bonnet gravity. 
This is a partial success to explain origin of all matter 
in our four-dimensional universe. Since our mechanism 
works only for trace free matter fields, creation of other 
matter, especially with non-zero trace remains a very 
important open problem. Undoubtedly its solution will 
have a great bearing on our understanding of spacetime 
and matter. 



together with the first-order constraint 

ab p(p -l)(fci-d a ) q(q~l)(k 2 -b 2 ) 



2pq 



ab a 2 
= -(p + q-l)L 



b 2 



(A7) 



We assume b = bo, where bo is a constant. Then, Eq. (|A6|) 
gives 



b 



'(?"1)*2 



A 



(A8) 
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APPENDIX A: GENERALIZED BOHM METRIC 
AND THE EINSTEIN-SPACE CONDITION 

We start with the following ansatz for metrics: 

ds 2 = dp 2 + a(p) 2 j zj dx l dx k + b(pf%[}dx a dxP, (Al) 

where 7^ and are the unit metric on the p{> 2)- 
dimensional and q(> 2)-dimcnsional spaces of constant 
curvature with their curvature k\ and k 2 , respectively. 
The components of the Ricci tensor are given by 



Rn 

Rij 



-p- 



a 2 7y 



Ra(3 = b 2 "f a 







d ab (p - l)(ki - a 2 ) 
a ^ ab a 2 

ab {q-l){k 2 -b 2 ) 



ab 



b 2 



(A2) 



.(A3) 



,(A4) 



where x 1 = p and a dot denotes the derivative with re- 
spect to p. The Einstein-A equation i? M „ = A<7 M „ give 
rise to two second-order differential equations for a and 
b 



A 



q 



ab (p — l)(fci — a ) 



a b 
a b 
a 



a- 

(9-l)(*a 



h 2 ) 



1» 2 



(A5) 
(A6) 



With Eq. i|A8[) . Eqs. [KQ and flAT]) give 

d A 

- + -. 
a p 

P(ki - a 2 ) 




A 



(A9) 
(A10) 



A Bohm metric Bohm(p, q)i [15|, [l6| is the special so- 
lution for fci = k 2 = 1 and A > 0: 



a(p) 
b(p) 




(All) 
(A12) 



Now we consider the case with k 2 — — 1 and A < 0. 
For k\ = —1, there exists a counterpart of Bohm(p, q)\ 
with negative curvature: 




a(p) = 
HP) = 

In these two cases, we obtain 

■■ 2 b 2 2A 2 



C lflva C 



a 



2p- + 2q- - 

tr p + q 

2qA 2 



pip + q) ' 

■a 2 , 2(p-l) 



(A13) 
(A14) 

(A15) 
(A16) 



2\2 



a* a'* 
2A 2 



ih ~ a 2 ) 



p + q. 
pip + q) v 



s~ia.(j,va r^i ci 



b 2 4 2M, 

\2+— ^T-( fc 2 



2A 2 



-b 2 



p + q 



2(P+1)A 2 , a 

(«-i)(p + g) 



(A17) 
(A18) 

> 

(A19) 
(A20) 
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so that the Einstcin-spacc condition (|2.9[) holds only 
when p = q — 1(> 3) is satisfied. 

In the main text, we consider these metrics on the (n — 
(f)-dimcnsional submanifold. Thus, we have n — d = p + 
q + 1(= 2q) and A = k(p + q). Finally, from Eqs. (|A16|) . 
(jAl8|l . and ([A20|l . the constant in Eq. ([2~9]) is obtained 
by 



e 



2q(2q- l)k 2 
~ 1 



(A21) 



APPENDIX B: TENSOR DECOMPOSITION 



(n-d) 

where C a bde is the Wcyl tensor and k — ±1,0. 
Non-zero component of the Ricmann tensor is 



(n) 



R A 

(n) 

R a 



BDE 



bde 



(n) . 
R A 



bDe 



(n) 

n BDe 



id) 

R A 



BDE ! 



(k - r lA r^)(S a dlbe - 5 a elbd ) 

(n-d) 

+ c bde , 

\A 

T \B\D .a 
u, 3 . 



(B13) 

(B14) 
(B15) 
(B16) 



We consider the n-dimensional spacetimc A4 n ~M x 
}C n ~ d with the general metric 



5 M „ = di&g(g AB ,r 2 jab), 



(Bl) 



where qab is an arbitrary Lorentz metric on Ai , r is a 
scalar function on .M with 7' = defining the bound- 
ary of A4 d , and is the unit metric on the {n — d)- 
dimcnsional Einstein space JC n ^ d . We introduce the co- 
variant derivatives on spacetime M n , the subspacetimc 
M d and the Einstein space K n ~ d with 

9^;x = 0, (B2) 
9ab\c = 0, (B3) 

9ab:c = 0. (B4) 

Non-zero component of the Christoffel symbol is 





(d) 




V A 

1 BD — 




(B5) 


(n) 


(n-d) 




p a . 
1 hd — 


p a 
1 hd; 


(B6) 


(»), 






1 hd — 




(B7) 


(n) 
t~i a 

1 Bd ~ 


°di 


(B8) 



where the superscripts (n), (d), and (n—d) imply the geo- 
metrical quantities on M n , M d 7 and K, n ~ d , respectively. 
Our definition of the Ricmann tensor is 



DM - p" _ 

1 vpa va.p v Pi& 



_i_pM pAv p u p^ 

"l" Kp V<J K(T Up' 



(B9) 



The (n — rf)-dimensional Einstein space satisfies 



(n — d) (n — d) 

-R abde = C a bde + k(j a d"/be ~ laelbd) , (B10) 



which is contracted to give 



(n-d) 

R ab = k(n -d - l)7ab, 
(n-d) 

i? = k{n-d){n-d - 1), 



(BH) 
(B12) 



Non-zero component of the Ricci tensor is 

(n) (d) r |s|£: 
^?b_e = R be — {n — d) , 



(n) 

Rbe = Ibc 



The Ricci scalar is 



+ (n-d - l)(fc -r| A r |A ) 



(B17) 



(B18) 



(n) (d) 
i? 



.1-4 



1-4 



R -2{n-d)- 
(n - d)(n - d - 1) 



(fc-r, A rl A ). (B19) 



Non-zero component of the Einstein tensor is 



(n) 



(n). 



,1 s 



G^-(n-d)- 
(n-d)(n-d-l) 



(n-d)- 



1-4 



2r 2 



1(d) 

-R + (n-d- 1, 
2 r 



(fc-r| A rl A ) 

J- 4 

1-4 



, (B20) 



(n-d - l)(n-d-2) 
2^2 



(/€ - r, A r |j4 ) ;B21) 



Now we assume the Einstein- space condition originally 
introduced in the case of d — 2 by Dotti and Gleiser [lj, 
Q 



( n ~d) , , (n-d) 
q abde 



fbde 



es a 



(B22) 



(n) 



where is a scalar on K, n ~ d . The identity i/ a % = 
gives 0, a = 0, and consequently O is a dimensionlcss 
constant. The Wcyl tensor vanishes identically in three 
or less dimensions, so that = holds for n < d + 3. 
For later convenience, we obtain 
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(»)„ («) 
R ^ R 



lit 



BD 



(n-d) 



r \B\D 



R de - (n - a) 



(n) (n) 

R ^ R 

(n) (n) 

R ^ R , 



fie 



(n) b (n) 

-R 11 R iie = 0, 



~ rr ^ A \A + i n — d — l)(k — r\A^ A ) 



(B23) 

(B24) 
(B25) 



(«) (») . 
R^R A 

(n) (n) 

R^R a 



(d) , 

R — (n — d)- 



\B\E\ (d) 

R' 



BDE 



-a \a 

T 

r 3 \D 



-rr^ E + (n-d-l)(k-r lE r\ E )), (B26) 



r \B\E (W BE 



(n-d)' 



.|B|B 



n — d — I 



(k - r ]B r\ B ){-rr^ A + (n - d - l)(jfc - r, A rl A )} 



(B27) 



(«•) , («) 

R Anu PR 



Bfj,vp 
(n) (n) 

(n) (n) 
n api/p n 



(d) (d) 
ri ADEF rl 

ti Hbdef 



2(n-d) lA]E 



B\E, 



(n) a ^ {n) 

R a ^ vp R B = 0, 



ft 



2(n-d-l) 



(k - r\ A r\ A ) 2 + 



e" 



(B28) 

(B29) 
(B30) 



(n) 

i GB 



(d) 

L G B + (n - d) 



{d) -, rlA \A , (n-d)(n-d-l)^ 



2i? - 2(n-d) — ^ + 



■(fc-r, A rl A ) 



_ 2 r _jn + (n-d-l) { -_ ]D) 



r 

4(n - d){n - d - 1) 



(d) r |B|D 

(n - d)R B D 



-?'|B|D»' 



B|B 



4(n - d) 



rr |j + (n — d — l)(/c — n^r'' 4 ) 



2(n-d)(n-d-l) ,- |^2, fa^d)© 

4 \ K r \A r ) "I 4 ■ 



(B31) 



The Kretschmann invariant is Using these expressions, we finally obtain 

(«) (f) 4(n-d) lAln (n-d)6 

+ 2(n-cQ(n-d-l) (£ _ , A)a _ j 
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(»), 
H 1 



(n) 

(n) 

# ' e/<*e 



2 R B E - (n - d)- 



(d) , ,J \a (n - d)(n - d - 1) , T ]A ' 



-4 



(d) r |B|D 

i? BD -(n-d) r 



(d) 



/(d) 
-4( R 

/(d) 



AD 



(n-d)- 



r 

R 1 



Rde — (n — d) 



\D\E 



AED 



4(n-d) \ B 

r IB I ^ W 



+ (n-d-l)(fc-r, A r |A ) 



,('■') 



,0/ tjBADF Y> 

+21 -ft ft EADF 

(™), 

ff* =0, 



2(n - d) 



1(«) 



(B33) 
(B34) 



R - 2(n - d) 



r |a , (n-d)(n-d-l) - , A 
1 2 ( k - r \Ar' ) 



+ {n-d-l){k-r ]D r\ D ) 
A + (n-d-l){k-r\ A r\ A ) 
r \B\E {W BE _ {n _ d f^p^ + (" ~^~ l \ k - r\ E r\ E ){-rr^ A + (» - d - l)(jfe - r,^)} 



+2 



2(n-d- 1) 



(fc-r' A r| A ) : 



29 1<") 
— r - -^Lgb- 



(B35) 



(d) (n) 

It is noted that not L gb but L gb is included in above 
equations. 

Let us consider the case with r = tq, where rg is a 
positive constant. Then, we obtain 



(n) 

£ GB 



= ^_(n-d)(n-d-l)k 6BE> (B36) 



2r 2 



(n)„ (n) 

/-» B /io 

Lx e — - \JT 

In) 

G b = C 



0. 



(B37) 



1W (n-d-l)(n-d~2)fc | poo ^ 

2^ 2^ } B38) 

I 



(f) 2(n-d)(n-d-l)Jfc(g 
(n - d)(n - d- l)(n - d- 2)(n - d- 3)fc 2 



(n - d)6 



(B39) 



(«), 



(d), 



2(n - d)(n - d - l)fcWj 

^ (_z 



(«) 

(n) 



(n - d)(n - d- l)(n - d - 2)(n - d - 3)fc 2 n - d 



z 'o 



(«), 



2r 4 
z 'o 







k(n-d- l)(n - d - 2) ( d ) (n - d - l)(n - d - 2)(n - d - 3)(n - d - 4)fc 2 
^ R 



2r 4 



n-d-4 

—2^®~2 LGB - 



(B40) 
(B41) 

(B42) 



The Kretschmann invariant is Thus, we finally obtain 

(™) (d) 2(n - d)(n - d - l)k 2 (n-d)Q , 

K = K + -i ii-, '— + i . (B43) 
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Q B E 



OMSK 



2(n - d)(n - d - l)ak 



G B E +aH B E 



(n — d)(n — d — l)k (n — d)(n . — d — l)(n — d — 2)(n — d — 3)ak 2 (n — d)a 



2r\ 



2r\ 



2r\ 



R--L GB +A- i _ , ; 9 



1 ka(n-d- l)(n-d-2) 

2 + J3 

(n - d- l)(n -d-2)k ak 2 (n -d - l)(n - d - 2)(n - d- 3)(n - d - 4) 



2rg 



2r 4 



S§, (B44) 
(B45) 



(B46) 
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